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Our research objectives, as stated in the work statement of our proposal, were:

1. develop methods for providing low noise optical elements by interferometric

means, including gratings, lenses, beam combiners, corrector plates, and other

special elements, such as circular, eliptical and hyperbolic axicon lenses, including

the following tasks:

(a) apply the Lau effect in combination with spatial filtering to produce
nonsinusoidal fringe distributions

(b) compare the broad spectrum with the broad source techniques for HOE
generation

(¢) seek methods for making HOESs in light that is simultaneously spatially and
spectrally incoherent

(d) using higher order analysis, study the aberrations of incoherent light HOEs,
and methods to reduce aberration

(e) determine methods for producing fringes under conditions of greatest
possible incoherence, including determining any required departure from
sphericity of the interfering waves

(f) develop methods for producing HOEs having arbitrary fringe spacings,
instead of only linear and quadratic, thereby producing aspheric HOEs, as
well as arbitrary phase plates

(g) determine the usefulness of sources with structured spatial or spectral
distributions in HOE construction

(h) assess the limitation on space bandwidth product of incoherent light HOEs

(i) develop a comprehensive theory for the construction of HOE lenses in light of
reduced temporal coherence

2. Continue our basic investigations, with the intent of discovering new principles

and techniques in the area of optical processing with light of reduce coherence.

2. Accomplishments

We have, during the past year, given attention to all of the above, with some of

the objectives being investigated more intensively than others. Our principal

accomplishments have been:

1.
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We continued our work on the basic treatment of HOE generation with spatially
incoherent light and developed a theory of broad source interferometry based on
source distortion. We showed that for an interferometer to give broad source
fringes, the interferometer must form distorted images of the source. The grating
interferometer introduces exactly the correct distortion, the Mach Zehnder gives

Sl

no distortion at all, hence has very limited broad source capability.
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2. We extended the theory of achromatic interterofmetry for HOE formation. We
generalized the theory of the two zone plate interterometer tor HOE formation.

3. We developed a merit factor for describing how well an incoherent source can
produce a HOE

4. We developed a new method of spatial filtering using extended source incoherent
light. The new system acts on the amplitude transmittance ot the object
transparency, and is therefore essentially a coherent system, even though the
light is incoherent.

5. We developed a new technique for exceeding the classical resolution limit in an
imaging system (a process sometimes called superresoiution). We showed that if

we have a two-branch interferometer producing broad source fringes, and if we
have an imaging system in each branch, and then, if we place an object
transparency in one branch and reduce the aperture of this imaging system to a
very small value while retaining a large aperture for the empty branch, then the

resolution achieved is that corresponding to the larger aperture, even though
light from the object passes through only the small aperture, not the large one.
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The construction of Holographic Optical Elements (HOEs) has recently
become an important area ot research. Applications of HOEs such as heads up
displays, supermarket scanners, and diode laser collimators have become
increasingly widespread. The study of aberrations and noise of HOEs are two
important topics of research. In this paper we discuss techniques for analysis and
construction of low noise, zone plate HOEs. Low noise HOEs have been created by
reducing the spatial coherence of the illuminating laser source’+2 or by using a
source of reduced temporal coherence3. This paper discusses the theory for
analysis and construction of HOEs made by the latter technique, thatis, HOEs
made with a polychromatic point source.

Optical systems have been designed to make holograms in polychromatic

point source illumination®:S. The optical systems discussed by Katyl4 result in either
. on-axis or off-axis holograms. The on-axis technique is limiting. We would like to
generate holograms of arbitrary center spatial frequency. The off-axis techniqueof

- Katyl images a grating to the recording plane, resuiting in a hologram that is noise

o limited by this grating. One would like to be able to produce off axis HOEs of arbitrary

. center spatial frequency, but not at the expense of imaging noise planes, such as a

grating, to the reco'rding plane. Or, stated somewhat differently, the plane of fringe

.] formation should not be an image plane tor some physical structure, such as a
o grating, located upstream.

The optical setup described by Collins>, employing a grating interferometer,

was shown to be ideal for generating HOEs of this nature3. However, these zone

dn J .

2 plate HOEs were limited to interference between a plane wave and a spherical wave.
j» "

2 Ideally, one would like to interfére waves of arbitrary curvature. This is a result of the
E}_:jﬁ aberrations inherent in a hologram when it is not used in exactly the same manner in
t’. which it was constructed®. Specifically, we would like to interfere a diverging wave
;’ with a converging wave. This is the only case that cannot be done cleanly with
b

< coherent light, since it necessitates at least one lens being introduced into one of the
;':-f-'.' beams downstream from a pinhole, causing noise in the form of diffraction patterns
.-
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of dust or other scatterers on the lens. With the use of polychromatic illumination
these diffraction patterns can be smeared into a negligible background.

it is possible to construct zone plate lenses, as described above, with an
arbitrary set of conjugate focal planes and arbitrary center spatial frequency, by
generalizing the Katyl-Collins achromatic holographic system3. We shall see that by
either moving or removing the final lens of Collins' system (Fig. 1) we will be able to
construct zone plate lenses, although of limited space bandwidth product, in
polychromatic light.

RAval

R e o —

Fig. 1. The system described by Collins, consisting of the grating interferometer and a four/two lens

system illuminated by a plane wave.

Requirements for Achromatigity

The analysis for the construction of zone plate lenses in polychromatic point
source illumination is formulated in terms of the zone theory of Fresnel in conjunction
with the Newtoman lens equation. The radius of the mth zone of a Fresnel zone
plate is given

Rmé=mF  m=123.. (1)

We see that the radius of the mt zone is directly proportional to the wavelength. As
a consequence, the zone plate so constructed will exhibit a focal length F inversely
proportional to wavelength, as in Fig. 2, resulting in wavelength dispersed point

images. Reciprocity occurs when we construct a zone plate interferonetrically, by
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Fig. 2 A polychromatic plane wave hits an interferometrically recorded zone plate and is dispersec

accordding to the formula F=F,(~ o) Where Fy is the focal length at the midband wavelength o

interfering a plane and a spherical wave. If the spherical wave originates from a
single point a distance F from the recording plane, the zones of constructive
interference will have radii proportional to wavelength. However, if the point source
is dispersed in such a way that the point source to recording plane distance is
inversely proportional to wavelength, then each wavelength will make exactly the
same zone plate. We seek a method by which we can make this wavelength
dependence approximately constant over some wavelength band. From Eq. 1 we
see that the only possibility for providing wavelength compensation is through F, the
effective focal length of the zone plate being constructed. By manipulating the
parameters that determine F, namely the radii of curvature of the two intertering
beams, we can cause it to vary inversely with wavelength in an approximate fashion.

We know F is given in terms of the relation,

UF = 1rg + 115 (2),
where rq and r, are the radi of curvature of the two interfering spherical waves and

may be functions of wavelength. We can generate arbitrary radii of curvature with the
desired wavelength variaton by use of zone piate lenses in an optical system

We obtain the radius of curvature of a wave by finding the location ot the
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plane at which the source is imaged. This location is in general a function of
wavelength, determined by the focal lengths of the zone plates involved in the
optical system. Once this plane is located we back up or go forward from it to the
appropriate location for the particular HOE design. The distance of this move is one
of the radii of curvature described above, and is also, in general, a function of
wavelength. This technique of analysis is best illustrated by example and will be in
the following sections.

One might notice that throughout this discussion no mention of actual
physical pathlengths has ever been made. This comes about for two reasons. First,
the grating interferometer, which splits and recombines the light, is inherently,
minus all fenses, an achromatic system7. Second, both beams pass through the
same optical elements in the system and because of this travel the same optical
paths. The difference in sphericity of the two beams is generated by the use of zone
plate lenses which allow a particular beam to be affected by the spherical phase
transformation that is present on the plate, while the other beam is unaffected. This

type of system, when analyzed using the above constraints, is used to produce zone
plate lenses in polychromatic illumination.
A Four Lens System

Our analysis for the construction of HOEs with polychromatic illumination
starts with the achromatic Fourier transforming system of Collins (Fig. 1). It was
shown in Ref. 3 that off axis zone plate holograms could be made with this
interferometer. These zone plates were limited to interference between a plane

wave and a spherical wave. In this section we will analyze this interferometric system

in a simple, very general fashion using the Newtonian lens equation for cascaded

lens systemss. Then we will further generalize this system to produce zone plates

= with arbitrary conjugate focal planes.

¥ The interferometer of Fig. 1 consists of two beams, the object and reference
®

{_- - beams, labeled O and R respectively. The object beam passes through four lenses.

.

- Li- Lg While the reference beam passes through all four of these lenses, it is

::: ' affected only by the two achromatic glass lenses Lo and L4. This is a result of
L
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selecting only the zero order from Ly and L, which are zone plate lenses. Thus we

have two lens systems to be analyzed under the requirements for achromaticity The
easiest to analyze is the reference beam. The lenses Ly and L4 are in the afocal
position so that when a plane wave enters from the lett it exits as a plane wave to the
right. Thus, the source, which is at infinity, is imaged to infinity. The radius of
curvature of this beam we call rp and is in this case infinite. The object beam is more
complicated. A point source at.infinity is imaged, by the four lens system, to a plane

located by D as seen in Fig. 3. D is given in terms of the focal lengths of the four
lenses by

(3).

L
4

!
I+—

D =fy + t - f52/f5
L L
N 2
I
l
| O
+f2+ f D —
—— 0 ——

Fig. 3 The Four lens system. L. s a collimating lens with focal length f, Ly has focal length fy. Ly arc
L4 have focal length {5, and L3 has focal length f5.

D is a function of wavelength. This is a result of the two zone plate lenses Ly and L4

whose focal lengths, fy and f5, vary with wavelength in the following manner

- S . )

A e S




Here the subscript zero is used to represent values of the focal length at the center

wavelength Ay. Now we substitute these expressions into Eq. 3, allowing the

wavelength, A, to be expressed as
A=A+ AA (6).

The source image location is now given by

D = t1{1/(1 + ANAg)] + f2 - (fo2/30)(1 + AN/ng) (7).
Using a narrowband approximation we write

fy = fol1A(1 + anAg)] = fyg (1~ 8VAQ) (8).

Substituting Eq. 8 into Eq. 7 we obtain the final expression for D.

D = (-2f52 +fafag)ifag + (F1g + f22/30)(1 - AAQ) (9)
We note that the second half of the Eg. 9 is of the same form as Eq. 8, i.e. the

second half is inversely proportional to wavelength. This is exactly the form for the
radius of curvature which is required to achromatize the fringe pattern. Thus, rq. the
radius of curvature of the object beam is
ry = (f1g + fo2/30)(1 - AAA) (10),
where
(1-aNAQ) = T/(1 + ANAQ) = Ag/A (11).
With this approximate form the radius of curvature of the object beam satisties the
requirements for achromaticity. If a recording plate is placed in the plane D', as seen
in Fig. 1, where D" is just D minus rq given by
D' = (-2652 +fafz0)ag (12),
one is able to record an off axis zone plate in polychromatic illumination. Physically
we can interpret this with the help of Eq. 13 which describes the resultant fringe

pattern. The wave number, k, must be constant for all wavelengths at the plane
located by D"
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2+ 2cos(kx2 ) (13)
The wavelength bandwidth ot the illuminating source is limited since the analysis is
only approximate.
One can see from the above equations that Collins' achromatic Fourier
transform analysis is a special case of the above analysis. If the radius of curvature,

ry (Eq. 11), is set equal to zero one obtains the condition

f10 = - f22/30 (14).
This is precisely the condition obtained by Collins. A radius of curvature of zero
describes the source image plane as being wavelength independent; since the
Fourier transform occurs at the plane where the source is imaged the above
statement, ry=0, implies that the Fourier transform is also achromatic. This result
supports the analysis and the analysis itself provides a more general form for
achromatizing the system for Fraunhofer or Fresnel holography. The next step is to
describe an optical system which allows the interference of waves of arbitrary

curvature rather than being restricted to a plane wave and a spherical wave.
hr Len tem

The three lens system of Fig. 4 is capable of forming zone plate holograms

with beams of arbitrary curvature. It is essentially identical to the four lens system
without the fourth achromatic lens, Lg4. This is a result of the fact that the final
achromatic lens serves only to image from one plane to another plane in the optical
system. Thus, if the light emerging from lens L4 forms, at some plane, an
achromatic interference pattern. this plane can be regarded as the image, tormed by
Lg. of an objact nlare alsewhere, n which the two object beams also combine
achromatical’, 7o mannfcaton will be different, thus the zone plate recovered a!

this other plane o oo = Herantly scaled. Also. ingeneral, the two interfering waves

will have bt racy e ~8 e et gre
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Fig 4 Thethree lens system. Ly has focal length 4, Lo has afocal length f5, and Ly has focal eng
t3

The analysis of the three lens system proceeds in the same manner except
that now both beams have curvature. Expressions for the radius of curvature of the
interfering wavefronts must be obtained for both beams. Proceeding as before.
finding the source image with the point source as the object located at infinity, one
finds the radii of curvature, with reference to Fig. 4, to be

ry = f352/(152 - f113) - d (15)

ro =d (16).
The plane located by d is the interference plane to be determined by the
requirements for achromaticity. Applying these regirements one first needs the sum

of the inverses of the radii of curvature which upon substituting wavelength

dependence becomes
1/(1 *1/(2 = o 0![1 + f1(}'{/f22 - d/(BO + (4\'/10)(1 - 2d/{30 - d/\/\/fgo‘o)] (17)

We ignore the wavelenagth squared term,  assuming a narrowband approximation,
g ) ]

yielding the renult
g « Vg = (d i1 fmd,fzz ~ditgg + (A/ag)(1 - 2diizp)] (18)

The sum 1s proporhinnal 1o wavelength only when the plane located by d is at
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d = f3g/2. This is the plane where the HOE will be formed. Again the fringe pattern

will only be approximately achromatic and the recording will be limited to some
bandwidth. Discussions of these limitations will be found in a later section.

It is necessary to make a few restrictions on the optical system in order to

insure that we interfere a converging with a diverging wave. These restrictions are

L taken care of by ensuring that both rqy and rp are greater than zero. This is done by

proper choice of the optical system parameters fy, fo, and f3. With this optical

e e
d .

|
system one is able to construct holographic optical elements with a wide range of
conjugate focal planes and a high signal to noise ratio is obtained by use of a broad \
spectral bandwidth. |

imitations of Polychromatic Li ‘

In designing HOESs in broad spectrum light one must keep in mind the

’

v

consequences of increasing the spectral bandwidth. The space bandwidth product
(SB) of the HOE is decreased significantly. However, the resulting SB product is

adequate for most purposes. Using the equation
(Rm2+r12)172 + (Rp24r0) 12 - r4- 1y = mA (19),
where rq ard rp are functions of wavelength as in Eq. (15) and (16) and Ry, is the

radius of the mth zone, a SB product can be determined. Using numerical

techniques, we can solve the above equation for Ry,. For this example we used

P
. .'v,ﬁf_r"r,l T rr
ol . *

Lt N 4 . ’ : '

. , 2t
. -' r_r
. 3

2

fyo=-15cm., =30 cm., and f3n=15cm. The graphs in Fig. 5 show how R, varies

with wavelength for each integer m. If we allow for a 1% error in the periodicity of

g
-
i: Rm thatisf
:l;_. Rm.max(™) - Bm.min(-) < [Bm(rg) - Rm-1(Ag)(.01) (20)
. we can write the SB product as
o
b - SB =R Rm-Rm-1) (21).
S
b
;-"_ - With a bandwidth .\, =400 A and . =6000 A we get an SB product of 643. A typical
-
o polychromatic interference pattern of this bandwidth has a SB product of
e
.
b
[
p .
=
b .
L
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approximately 50 (given by SB = 47\0/AN). The compensated optical system is a

factor of ten better with an F# of 4.3. There is much to gain in terms of signal to noise

ratio when using polychromatic illumination. The penalty, in terms of SB product, is

not too severe.
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Introduction
Interferometry with non-coherent light is of great interest to researchers in the

field of optics1’29. The reason for this are twofold; the first is a vastly increased

L
.
'
-
-
.
»

)
ro.
-

signal to noise ratio over use ot coherent light and the second is to be able t¢ operate
interferometers in real world situations (i.e. under ambient illumination). There are
three classes of interferometers which use non-coherent or partially coherent light.
First, there are interferometers which operate in polychromatic point source
iNumination -6, Second, are interferometers which operate in illumination of
reduced spatial coherence’ 17, And third, there are interferometers which operate
under illumination that lacks both spatial and temporal coherence18-29. This paper
discusses the second class of interferometer, that is an interferometer that operates
under spatially incoherent (or spatially extended source) iilumination.

The interferometers of concern here split the amplitude of the incident light
into two beams that arrive at the fringe formation plane (output plane) from different
directions. As seen from the output plane, there are two apparent sources, each an
image of the actual source. For an extended source, all points on the actual source
are incoherent with each other, a property that carries over to the two source images.
However, each point source on the one image has a point on the other image with
which it is coherent; these two coherent points are each an image of the same actual
source point. These corresponding point pairs form interference fringes. If extended
source fringes are to be formed, the coherent pairs should all form identical fringe
patterns.

If two such point-pair-coherent sources impinge from different directions, the
various coherent point pairs produce fringes that generally are of somewhat different
spatial frequency and may have phase diftferences that produce fringe patterns that
are displaced or out of phase with each other. For example, the coherent pairs (a.a
and b,b’) of Fig. 1 may produce fringes of the same spatial frequency, but the fringes
due to one pair might be shifted relative to those from the other. Also., even if the

angular separation of the point pairs is the same for each set, the tringes will
generally not be of equal spacing. For example, suppose the pair aa’ produces

S beams impinging symmetrically on the fringe plane P, whereas the point pair bb’
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Fig. 1

does not. The fringe spacing will be less in latter the case. This becomes obvious if
we consider a plane P' perpendicular to the bisector of the beams from b and b'. In
this plane the fringe spacing will be d, but the fringe pattern in the plane P will be a
projection, d s cos(AB), where AR is the angle between P and P'. It is evident, then,
that to have perfect fringe contrast with an extended source, the two apparent-source
images must be distorted in some appropriate way, so that point pairs from off-axis
source points have angular separations that increase as a tunction of the off-axis
position of the actual source point.

Our aim is to characterize the required source-image distortion, and to show
that certain interferometers achieve this distortion exactly, whereas some achieve it

only approximately, in varying degrees. Conventional interferometers, such as the

Mach-Zehnder or Michelson, formed from mirrors and beam splitters have no

distortion at all in their source images, which results in very poor extended source
source fringe formation capability. We consider symmetrical and asymmetrical
grating interferometers, as well as a hybrid formed from gratings or mirrors with

prisms.

Chat Jutt A un & Gl 20 o) GER 2SN gl
R DRt

We find that the source distortion factor can be an indicator of the inherent

extended source fringe forming capability of the interferometer.

] e

- Interferometers that fail to produce the ideal source distortion factor may be
} operated under conditions of reduced spatial incoherence, particularly if a source
[:. structure factor can be found that optimizes their fringe forming capability. An
:
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example of this is the Mach-Zehnder interferometer, whose extended source
capability was discussed by Bennett® and Swanson26; the latter found that the
Mach-Zehnder has an optimum fringe forming capability when illuminated by a
continuous ring of point sources that lie at a constant radius from thie optic axis. The
concern here is not with the optimum source structure for a given interferometer.
rather this paper poses the question: What two source image structures, that have
point by point coherence between each source, create a perfect parallel fringe
pattern? It is clear from Bennett's paper and Swanson's thesis that mirrors and beam
splitters, that produce two exact replicas of the originai source at specific locations
with reference to some interference plane P, do not produce a spatially invariant
fringe pattern. The ideal optical system that is needed will split the light into two
beams and then recombine them at some plane to form a set of paralle! fringes for a
spatially extended source of any size.

Ideal Extended Source Structure

The analysis that follows assumes that the illuminating source is located at
infinity, so that each source point can be considered to be mapped into a plane
wave of infinite extent. It 1s a well known tact in coherence thoery that it an infinite
field is completely incoherent in one plane, it 1s completely incoherent in every other
plane. Thus, to the extent that the source can be approximated as infinite, there is
no loss of generality in assuming a source at infinity, even if the actual source is not.

Consider two sources in space as shown in Fig. 1. The sources are assumed
to be located at the back focal plane of a collimating lens with the center ot each
source located symmetrically about the central axis, as seen in Fig. 1. This
arrangement is to be analyzed with two coordinate systems. Two sets of plane
waves, each set emanating from a ditterent point on the extended source, have
been split by some optical system and are brought together at some plane P. These

plane waves create fringe patterns described by the equations

Ip = 2 + 2cos[4nxsin(Ba)A + Pa] (1)

Ig = 2 + 2cos[4nx'sin(Bg)/» + Pg] (@)

Bp and Bg are assumed to be different since it 1s apparent that if they are equal  as
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in the Mach-Zehnder interferometer, the fringe pattern is space variant. The
consequnce of this is a distortion in the angular location of each source point. This
distortion is needed in order to obtain a spatially invariant fringe pattern. The source
point associated with Eq. 1 is assumed to be the zero spatial frequency component of
the source, i.e. the source point on axis. This simplifies the analysis and is still
completely general since the source point associated with Eq. 2 could be any source
point.

The two fringe patterns must have the same spatial frequency in the x
coordinate system. The relationship between these two fringe patterns is found by
rotating the x' coordinate system to the x. The result of this gives x' in terms of x as

x' = xcos(AB) (3),
where AR is the angle between the two coordinate systems. From this the
relationship between the spatial frequencies becomes
sin(Ba)cos(AB) = sin(Bg) (4).
If this relationship is satisfied the spatial frequency of each fringe pattern associated
with a particular source point is equal when rotated to the x coordinate plane.

The above condition (Eq. 4) is not enough to ensure that the extended source
fringe pattern is perfect, i.e., all source elements must form identical fringe patterns.
Not only must all source elements form fringe patterns of the same spatial frequency,

but the fringes must also be in registry. Thus, the relative phase between each

fringe pattern must be zero or some integral number times 2rx. Upon examining Egs.

[+

o 1 & 2 this relationship can be expressed as

b

o Pa-Pg=2mn m=0, £1, £2, £3 ... (5).

E_" Where Pp and Pg are phase constants associated with the pathlength from the
: source to the output plane P. This condition says that the difference in optical

.

a pathlengths for any source point pair must be zero or an integral number ot

F~. wavelengths.

. If an optical system is able to split and recombine light in accordance with

- Eqs. 4 & 51t will produce a fringe pattern when illuminated by a spatially incoherent
. source of infinite extent. The distortion needed tc produce this fringe pattern 1s
3
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evident from Eq. 3. The angular separation between each plane wave pair, 284 and

2B8g. must be different in order to produce coincident fringe patterns in the x

coordinate system. Typical reflective interferometers, such as the Mach-Zehncer.
wili not produce any distortion in the source and will be limited to smaller sources.
Retractive optical elements such as a Fresnel biprism can be used to recombine light
in a manner which distorts the source. Similarly, grating interferometers can do the
same. Thus, these interferometers have the potential for forming extended source
fringes, whereas the Mach-Zehnder type, which uses mirrors to achieve their result.
have considerable limitations in their extended source fringe formation capability.
Th rating Interferometer

An optical system that will distort the projected source angle can be realized
with the grating interferometer of Fig. 2. This fringe forming system bends light
depending on the sine of the angle of incidence and it is this property that causes
distortion when the sources are projected back as in Fig. 1. The basic grating

equation is

Sin(B}) + Sin(By) = Af (6).

Fig 2 Gratings G1 and G2 have spatal frequency 1 ard {5 respectively

The angles in Eq. 6 are seen in Fig. 3, fis the spatial frequency of the grating anc

T T .
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A, the wavelength of the light being used.

G(f)

Fig 3

The angles that describe the projected source are derived using this basic equation.

The resultng angular relationships, with respect to Fig. 2, are
By = sin" T\ (fa-t) + sin(B,)] (7)

B = sin"1[x(fo-f4) - sin(B,)] (8).
These angles describe plane wave pairs due to a single source point. This source
point 1s described by B, its actual angular location, and varies from zero to tninety
degrees. -

Adapting these last equations two equations to Eq. 4 is an exercise in

geometry. The results, given below, are easily inserted into Eq. 4 to become Eq. 12.

Ba = sin 1 [A(fot)] 9)
Bg = (Bq + Bo)/2 (10)
AB = (By - Bp)i2 (11)
sin{{By + Bo)/2) + cos[(Bq - B2)2 = A(fx-fq) (12)

Using a trigonometric identity Eq. 12 reduces to
[sin(By) + sin(B2)}2 = A (fr-f4) (13).

Substituting B4 and B, into Eq. 13 results in an identity. Thus, the spatial frequency
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L of the fringe pattern produced by each point pair is exactly equal for the grating
ﬂ interferometer.

:; - As previously mentioned, having the same spatial frequency fringe pattern

for each point pair is not sufficient for obtaining extended source fringes. The optical
pathlengths ot each arm of the interterometer must have the same pathlength
measured to the optical axis at the output plane P in order that fringe patterns due to
each source element are in registry. The distances traveled in each arm of the

interferometer for any source point is calculated by using the grating equation (Eq. 6:

The distance traveled (with reference to Fig. 2) by the upper arm is given by

Dy = dq/{1 - [Mfq - sin(B 1112+ do/{1 - [A(f - f4) + sin(B )12 172 (13)
and the lower arm by

Dy = dy/{1- [nty +sin(Bo)I2} 172 + do/{1 - [A(fo - £1) - sin(B,)12} 172 (14
D4 and D, are exactly equal when dy is equal to dp and f 1s equal to two fy  In this

symmetric configuration the grating interferometer is capable of producing pertect
tringes in extended source illumination.
The source distortion is achieved by the nature of the gratings and 1s shown

graphically in Fig. 4.
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Possibilities for source distortion with other optical elements, such as the Fresnel
biprism, suggest that there are other ways of obtaining perfect fringe patterns in

spatially incoherent light other than by use of the grating interferometer.
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Generalization of some incoherent spatial

filtering techniques

Emmett N. Leith and Daniel K. Angell

A two-channel incoherent spatial filtering system is generalized bv considering two object transparencies. une
in each of the two channels.  Various special cases result. including two that have previously been de~cribed
and others not previously given. The svstem can be either linear in irradiance 1the basic incoherent case) or
linear 1n field (the basic coherent case) even though the illumination is incoherent in either case. In
particular, we show spatial filtering with the object in vne channel and the spatial filter in the other channel.

I.  Introduction

Spatial filtering with spatiallv incoherent light has
attracted considerable interest in recent vears. Gor-
litz and Lanze, Lohmann. Rhodes and Stoner! % have
considered two-channel incoherent spatial filtering
svstems, in which the light from the object is split into
two parts and separately filtered in each before recom-
bining at the output. If H, and H. are pupil function
masks placed in each of the two channels, the system
transfer function is the autocorrelation function of (H,
+ H.). The terms H, * H, and H> + H, are the
components that result from conventional one-chan-
nel incoherent spatial filtering, while H, + H,and H. &
H:. the cross-correlation of the two pupil functions,
result from the presence of two simultaneous channels.
Since H, and H. can be any complex function, the
resulting cross-correlation will generate any arbitrary
system transfer function It appears that this proce-
dure leads to incoherent spatial filtering systems that
have the tull versatility associated with the coherent
counterpart.

Thus. if an object has amplitude transmittance s and
irradiance transmittance |s-, the cross-product term
vields an output |s|* « h, where h is the point spread
function corresponding to the transfer function H, &
H. Angell” found significant advantages when the
interferometer is formed from diffraction gratings.
Collins® among others has noted that by placing the
object in one ot the beams instead of before the inter-
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gan i<lnm

Receved 21 September 10=0

VOO B =5 O30 3 0 ser! a0

< LNs Optical Sactets ot Ameriea

PP ST T S SN SR U U i G W Ju SR Y

ferometer. the optical svstem becomes linear in ampli-
tude and preserves phase, even though the light 1s
spatially incoherent. He demonstrates the construc-
tion of Fourler transtform holograms made in spatially
incoherent light.

We present here an analysis that generalizes the
above results.

Il. Basic System

We show (Fig. 1) an interferometer formed from
diffraction gratings G, and G.. The upper beam is
produced by the +1 order of grating G; and is redirect-
ed as the —1 order of the grating G,. Similarly, the
lower beam is produced as the —1 order of G, and is
redirected as the +1 order of G.. The beams are
brought together again. Although many variants of
grating interferometers are possible, we chose for our
analysis the highly symmetric arrangement where
gratings G, and G, have spatial frequencies of f, and
2f, respectively. We show optical spatial filtering
systems in each beam. Without these svstems. the
beams would simply recombine and form, under spa-
tially incoherent illumination (either monochromatic
or polychromatic), high-contrast fringes of spatial fre-
quency 2f,. When the optical svstems are in place,
fringes become modulated with information related to
the masks s, s», Hy, and H.. The optical svstem in
each beam is a spatial filtering svstem. The upper
beam contains the object (or signal) transparency s;; a
second mask H, placed at the focal plane of the first
lensis a conventional spatial filter. A similarsvstem is
placed in the lower beam with transparencies s, and
H. The two beams are combined at the plane where
the spatially filtered images of s; and 5. form.  Alter-
natively, the two spatial filtering svstems could be one
system with the two beams passing through different
portions of the same lenses. For the following analy-
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sis, we chose the former svstem, although the latter
vields similar results.

.  Theory

For simplicity, the analvsis is carried out in two
dimensions. x and z. The other lateral dimension y 1s
dropped: however, the analvsiz we develop is readily
extended to the » dimension also.

Let the source be extended sufficiently so that it can
he rerarded as completelv spatially incoherent, t.e.. an
infinite source. One element of the source presents a
plane wave expty2af.x) to the grating (i), where f, =
sinet, '\, with #, the angle of irradiance and \ the
wavelength. The upper beam can be written as
expl2=(f., + fx] after exiting from grating ;. Con-
stant coefficients, irrelevant to the analvsis, are
dropped. The light impinging on (- has incurrec a
phase delav exp[—j=Ad(f, + f1)-]: this is the transter
function of free space.” (We have thus described the
light propagation in the frequency domain.) A bulk
phase delay expty2=/.d) has been dropped. The field
exiting G is then expy[27 (/o = f))x — add(fo + 1))

The delav term x\d(f, + f)" is the same for the
upper and lower branches of the interferometer and
mayv. therefore, be ignored.

Next we consider the field incident on mask s;. The
ma=k and the tollowing optical svstem are oriented
perpendicular to the rav from the center of the source;
thus the term exp(—2xjfix) is removed. The field
emerging from the filter transparency is

Hofo soooexpl2=f, + fx]dx, th

where 7. is a spatial frequency variable, f, = x'/AF,
where 1" is the phyvsical coordinate of this plane, and F
12 the lens tocal length. At the output, the field is

c= o H g s expllag, 4 foxdx
X expr—2f xdf, 2
A similar analvsis for the lower beam vields
o= U H O o s axvexpleg 4 f o dx
xexp—2xf x0df (3

Since the two beams combine at nonzero angles we
have the partial tield due to the source element at A
being

U= U, expi=g2rfix) + uLexpiylef i 4)

with irradiance 'uf-. The total irradiance is found by
integrat:ng over the source:

P= 4 u-df =¥ u, df,
o Vi Y expt=rtada
X §uundl 4 expoioo §udf, (30

The tirst term is just what would result if only the
upper heam were present, the second that which re-
sultz from the lower beam alone. These terms are of
no interest here. The third and fourth terms are of
interest. They combine to give a modulated fringe
pattern of spatial tfrequency of 2f,. Since they are
560 APPLIED OPTICS
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complex conjugates, we need examine only one ot the

two. The third term can be written
¥ A TR N P RN Y
xexpleg o+ fo]dy expr—g2elodf,

A H'«;‘» IEY
Cexpl=laeg e /,"l’“ expylafaadf dl.

Fourier transforming the integrals in parentheses
vields

Viowldr = V[ VH. G OS af 5 vexpo—iZey x|

x i»t [{:|_,"1.\':n/'l — o explilny oy

'Li,’,}c: - vt
which can be rewritten as
_fu;u;d’f“ = Vb ihte - x lf:;l.i =X st

X 5T explrdofie = sidedad! Y

Integrating on £, produces a 4-function é(a — 3) vield-
ing

Kl u,l.';d/,\ = fhjla—x e = x l\‘:t..u\"mvd.r R

This result has several interesting special cases:
Casel. s, =s.=s. Thisleads to the result

1= Yuuidy, = Fhoa —x Wt = s e (i
or, Fourier transforming, we obtain
Flo=NH SHa o

where S is the Fourier transform of «i-.

This case can be construed as the one already treated
by others, where the object 's|- is placed before the
interferometer, and thus is presented to both interfer-
ometer branches. The result is an incoherent spatial
filtering process, where the ohject irradiance s- is
modified by a transfer function that is the autocorrela-
tion function of the pupil masks H. and H ..

Case 2. s>=1,H.=4function. We ohtain

=« %, O

In this case. the system is linear in amplitude, just as
in the case of coherent illumination. However, the
tllumination here is spatiallv incoherent. Inshort, the
incoherent syvstem is behaving like a coherent svstem
analogous to the svstem described by Coliins. We
obtain an arbitrary transfer function without the need
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for two-pupil masks. However, the svstem acts on the
amplitude rather than the irradiance transmittance:
this ditference could either be advantageous or disad-
vantageous depending on circumstances. In particu-
lar, the process would not be effective for diffuse ob-
jects, just as a coherent spatial tilter is inetfective for
ditfuse objects.

Case 3. s, =1,H, = é-function. We obtain

L=~ i, (BB}

This is an interesting and puzzling result. Coherent
spatial tiltering has been carried out with spatially
incoherent light. as in Case 2. However, we have two
optical spatial filtering svstems in parallel with the
object in one system and the spatial filter in the other;
here the light transmitted by the object does not pass
through the spatial filter, although the effect is as if it
did.

If we take H, = 1, we have a simple imaging process.
However, the optical system that images the object to
the output has a vanishingly small aperture, hence, is
supposedly incapable of image formation with any res-
olution. Yet the resolution can indeed be very good,
since the effective aperture tor the svstem is not the
aperture of the object -bearing svstem but is instead
the aperture of the other branch of the interterometer.

This s<eemingly impossible result can be explained in
a simple wav. We think of the source as made up of
many points. The point element on-axis forms an
object Fourier transtform centered on the pinhole spa-
tial filter, so that only the zero spatial frequency com-
ponent of the object is passed. Another source ele-
ment forms a displaced Fourier transform so that a
nonzero spatial frequency component f,, with compo-
nents fi..f1.. is passed. In this way, each source ele-
ment passes one spatial frequency component of the
object. A photographic record is then made on the
output. The zeroorder of thisrecord, considered asan
image plane hologram, will form an image with ex-
tremely poor {or no) resolution; however, in the first
diffracted order the resolution will be to be far in
excess of what is possible given the pinhole aperture.
How good the resolution is depends on the size of the
source. The more extended (i.e., the more spatially
incoherent) the source, the better will be the resolu-
tion.

Case 4. sy, 50, Hy, H,arbitrary, This case, which is
described by Eq. (9). would seem to add little general-
itv to what 1s offered by Case 2. We can generate any
possible transfer function by a single transparency H,.
So what can be the advantage of the second H.? We
speculate that we obtain better contrast fringes and
hence astronger cross-term signal by having two trans-
parencies. Forexample, for a binary filter Hy =0or 1,
we might obtain better contrast by having the second
transparency and setting H. = H,.

IV. Experimental Results

Two experiments were performed to demonstrate
the theory presented here. The optical system was

e e R T

Fig. 2. Edge sharpening with incoherent source

Fig 3. lmage of straightedge formed with pinhole spatial titer n
conventional one-channel imaging <v<tem

essentially that shown in Fig. 1, except that a single
lens was used in each beam instead of a pair - was ot
100-cycle/mm spatial frequency: (i, was 1n fact two
separate gratings. each of 200-¢vcle-mm spatial tre

quency. The source. formed by <himing a diverging
laser heam onto a rotating ground glass was adjustable
in size and for the most favorable result= subtended an
angle of 4 32 at the collimator. The image was formed
at the output plane with 3X magnitication

The first experiment was pertormed to demonstrate
Case 2. Edge sharpening was carried out by placing a
small circular dot in the frequency plane of heam | tthe
object-bearing beam), and a small pinhole was placed
in the other. The object was a straizhtedge. The
output was recorded as an image-plane hologram and
read out with a monochromatic hroad light source
sufficiently small that the diffracted orders could he
separated. The experimental results (Fig. 2) show
prominent edge sharpening, thus verifving the conclu-
stons of Case 2.

The second experiment was to demonstrate Case 3
We show improved imaging with the introduction of a
second beam,i.e.. H:=5(f,fyands, =1 Thepinhole
for the experiment was placed in the Fourier transtorm
plane of the object beam The <econd heam had no
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Fiz. 4. Image of straightedge formed with pinhole spatial filter in
obtect beam and no restrictive aperture in other beam.

spatial filter: hence the aperture was effectively the
image of the source, which was many times larger than
the pinhole. Figure 3 shows the image of the straight-
edge tormed in the conventional way, with only one
channel. Asexpected, the image is quite poor because
of the small pinhole aperture. Figure 4 shows results
obtained when the other branch of the interferometer
was in operation, thereby producing a fringe pattern.
This, on recording, was treated as an image-plane holo-
gram and was read out with a somewhat extended
nonochromatic light source. The image, forming in
the first diffracted order, is seen to be considerably
sharper than in Fig. 3, showing that the effective aper-
ture is far larger than the pinhole, thus verifying the
conclusions of Case 3.

This work was sponsored by the Air Force Office of
Scientific Research grant AFOSR-85-0012 and by the
National Science Foundation grant NSF-G-ECS-
8212472,
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rresolution Incoheren heren nversion
The previous section discussed a variety of situations in spatial filtering with
incoherent light. We showed that if the object is placed in only one branch of the
interferometer (as in Fig. 1), the system acquired a number of interesting properties.
We are always interested in the cross-product term, recorded on a spatial carrier, as

in holography. With a signal s4 and a spatial filter Hq in one branch, and a signal s,
and a spatial filter Hp in the other branch (as in Fig. 1), the cross-product term, which
is read out as the 1st diffracted order of the recorded output, has the form

sys2 "hihg’ (1)

where the  denotes convolution.

Fig. 1

It we take s4 = so = s, we obtain immediately the result
sI2* (hihg") @)

which is equivalent to the well-known case of having the object upstream from the

interferometer. The system is linear in intensity, and operates with object irradiance
Isi2 . The transfer function H is the Fourier transform of the point spread tunction
h1h2', or

H = H1OH2 (3)

where ®means cross-correlation.
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(o)
(3]

Other cases not as yet explored, are also possible. An interesting possibililty s to

have sy = 1 and hy = 1 whereupon we have an output
s1 " hy (4)

This is mathematically the case of coherent spatial filtering, even though it has been
carried out with spatially incoherent light. This interesting possibility 1s one we wish
to explore. We can let Hy be any filter that has teen made for coherent illumination.
It can, for example, be a holographic spatial matched filter, or a complex filter image
restoration, or deblurring. We expect to obtain all of the advantages of coherent
spatial filtering, along with the low noise excelient image quality associated with
incoherent imaging.

Another variation of this, which is mathematically equivalent, but physically quite
different, is to have hq = 1. The operation is then
sy *hy (5)
As before, this is a coherent operation carried out with incoherent light. The object

s1 has been spatially filtered by a filter Hp that is physically isolated; the light that
emanates from the object s4 does not pass through the mask at all, yet the mask

exerts the same effect as if it were in the object light path. Here is a new concept in
spatial filtering, where the signal and filter are essentially isolated.

Again, suppose s = 1. Let the filter impulse response be binary (0 or 1), with
hyho" = hy = hy = h. Is there any detectable difference between having a spatial

fiter H in just one path or both? The mathematics suggests identical situations, but
of course physically they are quite different. What advantages can arise from having
H in the other channel or in both channels? Would the SNR be improved?

The most parodoxical case of all comes by letting s, = 1, hy = 1 and h, the

desired spread function. Note that hy = 1 means Hy = 6 (a dirac delta function): this

situation is depicted in figure 2.
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If we consider the upper path as an imaging system by itself, it is a system

incapable of much resolution. If the pinhole is indeed a delta function, i.e., truly a

%
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point, there is no resolution at all. if the pinhole is of a more practical size. say 10-50

microns, which is a common pinhole size, then the resolution will be extremely poor.

~ |

This situation is equally true for either coherent or incoherent illumination - the
resolution is not much different for these two cases. Indeed, within the framework of
conventional imaging theory, the resolution simply cannot be better than the
Rayleigh limit imposed by the aperture size.

Yet in this case theoreticoal considerations predict resolution equal to what one
would get from an imaging system without the pinhole constriction. We thus obtain

resolution far in excess of the classical limit - in short, superresolution.

-.A‘t",',rmrv' Ty LYY

-Cl "',f.fV'F 'I.|

One might ask, how can the resolution be that of a normal imaging system? The
information needed to produce the resolution is simply not there - such information is
not transmitted by the aperture. The aperture of the parallel system is adequate, but
then, no object information passes through this aperture.

Techniques exist for superresolution. One common method is analytic
continuation. Such techniques require nearly noise-free systems, extremely
accurate measurements, and considerable computation. They can often be used to

go a tactor two beyond the classical limit, but seldom any further.

- e
. s e . .

Are we dealing here with a similar superresolution system that would have the
same limitations, or is it something guite different? We suggest the latter, and our

iitial experimental results support this view. Certainly, the exacting measurement

T -

and computational aspects of superresolution are absent here.

® .. K

What would one expect the resolution to be in a practical system? In practice, the

source will not be infinite, but of a size of the order of a centimeter. This source is

tmaged in beam two (Fig. 2). Now, suppose we place an iris in beam two at this

L g S g g, 2w 2t o8
N PN
i

source image plane. Let the iris be initially small, and we proceed to open it. As we

do so0 the resolution is expected to improve. When the iris is the size of the source
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image, further enlargement lets through no additional light. Thus the effective
aperture of the system is the size of the source image. Or put equivalently, the
effective f-number of the imaging system depends upon the angle the source
substends at the collimator. The larger the source, the larger the eftective aperture,
and the better the resolution.

Carrying this viewpoint further leads to the conclusion that this system is
essentially different from other superresolution techniques. We show that the gain in
resolution does come at a price, but at a fairly modest one.

An incoherent (or partially coherent) system can be considered as the
superposition of many coherent ones; each source element gives rise to a separate
channel with its own independent noise. [f the optical system remains the same, the
number of resolvable elements in the image 1s the number of effective coherent
sources, and hence the number of independent channels. One would expect the
incoherent system to have a SNR improvement of the N1/2 over the coherent case.,
where N s the number of channels. In practice, the improvement is enormously lecs
than this, since the noise produced by adjacent or nearby channels would not be
independent, particularly for noise of components of low spatial frequency.

The above optical system in effect converts the incoherent system into a coherent
one in the following way. The center element of the source forms, at the pinhole
aperture of channel 1, a Fourier transform of the object s. The pinhole allows only
the O spatial frequency to pass. Similarly an off-axis element projects a displa a1
oft-axis Fourier transform to the pinhole, and a nonzero spatial frequency .asses.
Thus, the number ot spatial frequency components that pass 1s the number of
resolvable source elements as seen trom the Fourner transform plane. For an
incoherent system, these contributions would combine incoherently and would loose
therr identity as different spatial frequency components of the object. But in the
above case, they combine coherently, even though the source elements are
completely incoherent. The effect is that ot a source the size of pinhole, and an
imaging aperture the size of the source.

This tradeoff can often be highly favorable, since experience shows that
moderate reduction of redundancy due to incoherency generally leads to no
observed degradation of the image. The number of redundancy channels in the
output system can be of the order of 108 and reducing this to an order 103 typically
does not make much difference. either in piactice or in theory In practice the

difference is far less than in theory, since closely adjacent channels carry only
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partially uncorrelated noise, ie.e, low spatial-frequency noise components would be

almost identical for adjacent channels.

This appears to be a basically new concept in superresolution: superresolution
by incoherent to coherent conversion. The discovery of this concept was rather
serendipitous, and we have since pondered on what its implications may be, and on
what usefulness it can have. We raise several pertinent questions:

1. Can it be used to overcome aberrations? For example, the imaging system
carrying the information .s operated at high f-number (a consequence of the
pinhole) and therefore will have low aberration. The reference imaging system
operates at low f-number, but with a very narrow field. Hence, the overall
imaging process may be better than the comoponent lenses would ordinarily
allow.

2. Can the process be achromatized, so that it can be carried out in polychromatic
light with the possibility of tradeoff of temporal incoherency for resolution?

3. How can the basic system be modified and extended so as to lead to practical
applications?

4. Can we use the system in a situation where high light levels, used in one branch,
can be spatially filtered with low light levels in the other branch?

7. Journal Articles Prepared or Published This Year
1. S. Leon and E. Leith, "Optical Processing and Holography with Reduced
Coherence Polychromatic Point Source lllumination,” Appl. Opt. 24, 3638
(1985).
2. E. Leith and D. Angell, "Generalization of Some Incoherent Spatial Filtering
Techniques,” Appl. Opt. 25, 499 (1985).

Some papers almost ready for submission

3. S. Leon and E. Leith, "Generalization of the Two-Zoneplate Method of
Achromatized HOE Formation,” (Cpt. 3 of this report). Will shortly be
submitted to Applied Optics.

4. S. Leon and E. Leith, "Source-Image Distortion Description of Broad Source
Fringe Formation,” (Cpt. 4 of this report). Will shortly be submitted to Applied
Optics.
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5. E. Leith and D. Angell, "Superresclution by Incoherent to Coherery
Conversion,"” (Cpt. 6 of this report). Will shortly be submitted probably to J.
Opt. Soc. Am.

8. Persons Associated with this Effort
E Leith (PI)

S Leon (Graduate Student)
D. Angell (Graduate Student)

9. New Discoveries

Of our various accomplishments, one stands out as being of special interest. This
's our discovery of a new type of imaging system, ir. which the optical transfer
ftunction of the imaging process is controlled by the optical transmission
characteristics of a parallel channel. through which light from the object does not go
A dramatic example of this is obtained by using a very small aperture in the imaging
channel. and a larger aperture in the other channel. Resolution far beyond the
diffraction limit is obtained. We believe this to be an astonishing result, wholly new.
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